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Abstract The phenomenon of Spin-Charge separation in non-Fermi liquids is well un-
derstood only in certain solvable d = 1 fermionic systems. In this paper we furnish the
first example of asymptotic Spin-Charge separation in a d = 1 nonsolvable model. This
goal is achieved using Renormalization Group approach combined with Ward-Identities and
Schwinger-Dyson equations, corrected by the presence of a bandwidth cut-offs. Such meth-
ods, contrary to bosonization, could be in principle applied also to lattice or higher dimen-
sional systems.
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1 Introduction and Main Results

In recent years the properties of non-Fermi liquids have been extensively investigated, both
from experimental and theoretical point of view. In particular, one of the most spectacular
feature appearing in non-Fermi liquids is the phenomenon of Spin-Charge (SC) separation,
which is surely relevant for the physics of metals so anisotropic to be considered one di-
mensional, see for instance [17] or [11]. In addition, it is the key property in the Anderson
theory of high-7, superconductors (cuprates described by d = 2 fermionic systems), [1].
As it is well known, SC separation is an highly non-perturbative phenomenon, and its
occurrence in fermionic models is quite hard to prove. Up to now it has been obtained only
for the spinning Luttinger model (or Mattis model), [16], describing two kind of fermions,
with spin 1/2 and interacting through a short ranged potential. Its exact solvability is due
to the linear dispersion relation (without any form of high energy cutoff) requiring a “Dirac
sea” of fermions with negative energy; such features are quite unrealistic in a model aiming
to describe conduction electrons in a metal, but they allow to map the interacting fermionic

P. Falco - V. Mastropietro (B)

Dipartimento di Matematica, Universita di Roma “Tor Vergata”, via della Ricerca Scientifica,
00133 Roma, Italy

e-mail: mastropi @mat.uniroma2.it

@ Springer
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system into a non-interacting bosonic one, and to write the Hamiltonian as sum of two,
decoupled Hamiltonians, respectively for spin and the charge degree of freedom. As a result,
the two-point Schwinger function, in the case of local interaction, factorizes into the product
of two functions, with different Fermi velocities, s,, s,, and different critical indices 1,, 5,
for the density (p) and the spin (o) respectively:
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Such a factorization appears also in the n-point Schwinger functions (see [14] for an ex-
plicit formula), and it causes a phenomenology considerably different from the one of Fermi
liquids [18].

For certain values of the parameters the spinning Luttinger model reduces to the Chiral
Luttinger model; in such a case (1) still hold but 1, = n, = 0, that is in such a model only
SC separation and no anomalous dimension is present.

The occurrence of SC separation in more realistic non solvable models, like the Hub-
bard model, has never been established, as a consequence of the fact that lattice or nonlinear
bands prevents the use of bosonization. It is important to understand SC separation in the
framework of Renormalization Group (RG), which is actually the only method which can
be in principle applied in full generality to the complex models appearing in condensed mat-
ter in any dimension. However even in d = 1, in which RG methods have been extensively
applied,—from the fundamental perturbative analysis in [17] to the non-perturbative and
rigorous construction of Luttinger liquids in [2-4, 6, 15]—very few attention has been de-
voted to the application to SC separation effects (with the exception of the recent paper [9],
in which however several approximations are introduced).

In this paper we will show that SC separation can be established in a non exactly solvable
model by using RG methods; the model we consider is the Chiral Luttinger liquid model
with a bandwidth cut-off, describing spinning fermions interacting through a short range po-
tential. For physical applications, the presence of a finite momentum cut-off is essential as
a linear dispersion relation can be a reasonable approximation for a non-relativistic disper-
sion relation only for momenta close to the Fermi surface; its presence prevents however the
possibility of an exact solution through bosonization. This model have received a great deal
of attention since the edge excitations in the fractional Quantum Hall effect are believed to
be a physical realization of a Chiral Luttinger liquid [19].

1.1 Basic Definitions

We express the Chiral Luttinger liquid model directly in terms of Grassmann variables.
Given the interval [0, L], the inverse temperature § and a large integer, M, we introduce the
lattice A, made of the points x = (xg, x;) = (nO%,nlﬁ), forng,n; =0,1,...M — 1. We
also consider the lattice D = D; x Dy of points k = (ko, k1), with kg = 27”(710 + %), k=

2%(111 + %), and ng,n; =0,1,..., M — 1. With each k € D, we associate eight Grassmann
variables, I/A/liii\gg, for €, w, 0 = =: the label o represents the spin of the field, and the index

w its chirality (‘right’ or ‘left’ moving particle). The Grassmann measure P(dy<M) is
defined in terms of the propagator, i.e. the covariance of the fields: (v £V )W;L/SIZ Mo =

Sss,s’gw,w’sma’g((vs}v) (X - Y) for

Mg i L iky XN (K) 5
g, (x—y) ﬂLée 4—iko+wk1 2)
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where ¥y (K) is a smooth compact support function xy (k) =4 2(y~VK|), where y > 1 and
% (1) is a CZ(R,) such that

o |1 if0<t<1,
“{ 3)

X (1) = .
X 0 ifr>y.
For evaluating the Schwinger functions it is convenient to consider the Generating Func-

tional, W(p, J), defined in terms of the external sources J, ¢ and ¢ by the following Grass-
mann integral

VoD M f PY'=Y) exp{AV(w(SN))vLZ / dx Jx,w,ﬁw,ifé%;f?)}

cenp{ 3 [t 055 + 05500 | @

M2
with 9(0) =1,

de .. . .
where f dx Y L ZXO,M Ay and, for v(x) a smooth, rotation invariant, short range potential

V= [ dxayid ot 06 D0 o )

The propagator (2) describes fermions with a linear dispersion relation and a momentum
cut-off selecting momenta |k| < yV*!, and V (¥) corresponds to a short range interaction
involving only fermions with the same chirality.

The fields Jx ., » are commuting variables, while the fields ¢x ., ¢x.0.0 are anticommut-
ing. By taking 2n derivatives of W(¢, J) with respect to the ¢, ¢ fields and m with respect
the J field, and then putting J = ¢ = ¢ =0, one obtains the Schwinger functions at temper-
ature B!, corresponding to 2n fermionic fields with m density insertions. As well known,
the physical properties of the model can be deduced from the Schwinger functions, and an
important role is played by the two-point Schwinger function, which is defined as

> Wy

—7——(0,0). (6)
005 0.0 0Py 0.0

SN:wA,a (X - Y) =

The lattice Ay, is introduced just for technical reasons in order to avoid an infinite number
of Grassmann variables, but our results are trivially uniform in M. The size L and the inverse
temperature 8 plays the role of infrared cut-offs; one is interested in the physical quantities
in the thermodynamic limit L — oo and at low temperatures, that is up to § = co. We will
prove the following result.

Theorem 1 There exists g > 0 (N independent) such that, for |\| < &g, the limit of the
two-points Schwinger function for M, B, L — oo exists and has the form, for x # 0

1
SN ) = o e RN )] !

with Ry (X) bounded and such that

A
lim Ry(x)=0 and s=14+ —. (8)
|x]—00 2]‘[
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The above theorem provides the first example of SC separation in a non solvable model.
It is only asymptotic, that is up to terms which are negligible for large distances.

The proof of (7) is based on Renormalization Group methods combined with Ward Iden-
tities and Schwinger-Dyson equations, corrected by terms due to the presence of the mo-
mentum cut-offs which breaks the local symmetries. Hopefully the methods presented here
could be applied to prove spin-charge separation in the d = 1 or even the d = 2 Hubbard
model, despite such problems are of course much harder and pose several extra technical
problems.

The rest of the paper is organized in the following way. In Sect. 2 and Sect. 3 we per-
form a Renormalization Group analysis; in the integration of the ultraviolet scales one has
to improve the naive dimensional bounds taking advantage from the non-locality of the in-
teraction, while in the infrared scales dramatic cancellations due to global phase symmetries
are exploited. In Sect. 4 we bound the difference of the Schwinger functions with and with-
out cut-offs, showing that it has a faster power law decay. Finally in Sect. 5 we implement
Ward Identities and Schwinger-Dyson equations in the RG approach, obtaining an explicit
expression of the Schwinger functions in the limit of removed cutoff.

2 Renormalization Group Analysis

We define the effective potential on scale N

VO EN o ) LAV ) + ) / dxXJxo.0Vs s Vi
w,o

#2 [ xS+ D 0. ©)

Let f, (k) X 27K — % (y~*D|K|). The RG analysis is triggered by the decomposition

of xy(Kk) as 2111\;7 0 fh (k), and correspondingly, the decomposition of the propagator, (2),
as

- ! flk)
(=N (x) — (h) for ¢ (x) = ikx___Jh . 10
8 (X hziioo 8, (X) forg,”(x) L kEEDe ko + ok, (10)

Using standard techniques (see for instance [12], Appendix A2), for any positive integer ¢,
there exists a constant C,, such that, forany 2 < N

yh

M x)| < Cp———.
1807 001 = S e

(a1

From the basic properties of Grassman integrals it also follows that £~ = Zl/‘v=—oo ,f,(b’;?g,

where £, is randomly independent from yiW ., fori # j; and has covariance g (x).

We then define the effective potential on scale k, V® (&P @, J), such that

ev(k)(w(ék),%]) dc:‘f / P(dlp[k+1'N])EV(N)(w[k+l.N]+w(§k)'ga”])
= elnel i€l VN (12)
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for YN = $°F = Vel and YEEN = Zj-vzfoo <o ELy is the truncated expectation
with respect to the propagator gl*-N(x):
def
5k+1 N(V M:n) = 51<T+1,N[V(N)| Y]
— ——

n times

The effective potential is a polynomial of the fields. For ¢ = 0, (the case ¢ # 0 will be
discussed in Sect. 4) we define the kernels on scale k, W:>™®  such that, forz =1z, ..., z,,
X=X, .., X, Y=Y1,- 0, Y ando =o/,...0,,01,...0,, we have

W(E)nngn)(k) (Z' X, y)
VOw.0.0) = Y3 [ duasdy=r= o S2E

I(Zm)l
n>0 ¢’ o
m>0"w
+ <k <k
x l_[Jz, oo [T 95 5, (13)
i=1

As consequence of (12), the expression of the kernels in terms of the truncated expectations
is:
(n:2m) (k) (.
W2 (z; x, y)
n

d
_Han,w

i=1

m

] )
1_[ (k)

+ N —(<k)
J=0 = lawxx ,0; awYI( ) Y= =0

o0
I )
x 30w @Sy, ), (14)

We introduce the following norm

;2m)(k
Wz @,

dej 1 n;2m
2 — | axdydxdydzlx,x —0x, ¢ ~pWIE" V@ xy)| (15

where x (%) = IT: "1 Xk(x;) and xx(x) is the Fourier transform of Z <k f (k).
We glve more details on the truncated expectation of monomials of the fields; then, any
polynomial can be computed by multilinearity. To shorten the notations we call

_ - +
vp= 1_[ Voo n V(oo (16)
fepP
where P is a set of labels. Given the clusters of points P, ..., Py, the truncated expectation
&l wv[¥e |- 1¥p] s given by the sum of the values (with the relative sign) of all possible

connected Feynman graphs, obtained representing graphically the monomial 1/p as a set of
oriented half lines coming out from the clusters of points and contracting them in all possible
ways so that all the clusters are connected; to each line is associated a propagator glé+1:V1,

Then the kernels W(” 2m® can be written as sum over Feynman graphs as well, and the
presence of cutoffs make each of them finite. Each connected Feynman graph made of p
vertices is bounded by C?|1|?/p!; anyway their number is O(p!?) so that the sum of the
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Fig.1 An example of Feynman
graph corresponding to one
possible contribution to the
truncated expectation of the

clusters Pq, ..., P4. The lines
with the arrows are the
propagator: not all of them are
necessary to connect the four
clusters

graphs giving the truncated expectations are bounded by C”|A|” p!, from which convergence
of the series expansion in A does not follow. The combinatorial bound can be improved using
the idea in [7]: the anticommutativity of fermions produces dramatic cancellations among
Feynman graphs, which are lost if the sum of graphs is simply bounded by the sum of their
absolute values.

In order to exploit such cancellations it is then convenient to use a different representation
of the truncated expectations: here we follow the standard technique of [10] and [8] (see
also [13] and, for a detailed derivation, [12]).

i Ve |- 1¥p ]

=Y J]es"Mx -y / dPr(t)detG[,, y(t) (17)
T leT
where:
(1) T is a set of lines forming a tree between the clusters of points Py, ..., Py, i.e. T is
a set of lines which becomes a tree if all the points in the same cluster are identified;
def s
Ly 1Pl
(2) t={t,» €[0,1],1 <i,i’ <s}and d Pr(t) is a probability measure with support on a set
of t such that #; ;; = u; - u; for some family of vectors uw; € R* of unit norm;
3) GZ+1.N(t) isa(m—s+1) x (n—s+ 1) matrix, whose elements are given by

[k+1,

[GLar O igrin = 1785 M X —Xjri) (18)

where 1 < j,j’<sand 1<i <|P;|, 1 <i’ <|Pj|, such that the lines / =x;; — X/ »
do not belong to T'.
The kernels W2 ® can be written as a convergent series in A, as it is shown by the

following lemma.

Lemma 1 There exists g n such that, for any A such that |A| < g n, W@2m® qre analytic
in A.

@ Springer



Renormalization Group and Asymptotic Spin-Charge Separation 85

Fig. 2 Graphical representation
of one term in (17). A tree graph
connects the four clusters. The
determinant correspond to
contract the remaining half lines
each other in all possible ways

Proof We bound the determinant G,{Hy ~(®) in (17) by using the Gram-Hadamard inequal-

ity: if A;, B; are vectors in a Hilbert space with scalar product (-, -), then
|det(As, B)| < [ TV(A 40V (Bi. Bi). (19)

Let H =R°® ® H,, where H, is the Hilbert space of complex, squared summable functions,
with scalar product

4
1 N N
(F.G)=)_ 5 > E®G (k). (20)
i=1 k

Since G/Z-H,N(t) in (17) can be written as

Gl s t = li,i’gng’NJ (Xij —¥irjr)

ij,i'j
= (1 ® Ay, Uy ® By, , o) @
where w; e R®, i =1, ..., s, are the vectors such that t;, y = w; - u;, and
1 e v Xk, (K)
Ao =77 D 5,
' LB kg + k2
K (22)

1 N e
Bx«,m = _ﬁ elkx Xk,N(k) (lk() + a)k)
k

so that
(A, Az <CyN2* (B B)T <Cy>, (23)
we get

|detGT,, y(B)] < C Xt 1P/2=s+ DN o, (T 1Pi1/2=s+ DIN—k) 24)

The number of trees T in (17) is bounded by CXi!%ls!, for a suitable constant C; by us-
ing (14) and (17), bounding the determinants by (11) and the integrations over coordinates
by

f dxlg" M x| < Cy ", / dxv(x)] < C 25)
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we get
[e ]
” W(f)r’z,;m)(k) ”k < Z |)\'|pcpyfp3(ka) J/m(pffiN) yfnk J/3N+k (26)
p=1
and convergence follows for A small enough. O

The above lemma says that the kernels W,:>"® are analytic in A with an estimated
radius of convergence which shrinks to zero when |N — k| — oo; we will see in the rest
of this section how to improve the above bound to get convergence uniformly in N — k, by
exploiting suitable cancellations in the series expansion.

It is convenient to introduce the directional derivative

D (0,0
o == i— — .
AN T

We will skip, sometimes, the label w in the kernels. Calling W{f)ﬁ’g"’)(k) (p; k. q) the Fourier
transform of Wa()f‘?gzm)(k) (z: X, y), we have the following lemma.

Lemma 2 For |A| small enough,

WEODO0) = 1861, WIPO0) =86,01,
» . - . 27)
WO2® (0) = (3, WL2®)(0) = (3_, W2®)(0) = 0.

Proof Because of Lemma 1, we can write the kernels as a convergent power series in A:
Wiszm® (pk, q) =3 o AP W (r:zm®) (p; k, ). For any integer p > 1, we define R,k as

piw,o

the rotation of k of an angle 7
p

(Ryk)o\  [eos(5)  —sin(3)\ (ko 28
(R ) \sin()  cos(F) ) \k

so that, by the explicit expression of §5‘N 1 and since 9 was defined invariant under rotations,

VR =TGN W), (R = D). (29)

Since W;?éf)(k) (k) is expressed by a sum over connected Feynman graphs obtained contract-

ing 4p — 4 field (for such a kernel p > 1), we have

WO (R, k) = e =D IIO k), (30)
which implies W;();) ®(0) =0 for any p > 2; while, for p =1, W;?;)(k) (0) equals the cou-
pling, Ad,,_,’. In the same way ng)(k) (k) is sum over Feynman graphs obtained contract-

ing 4p fields (for p > 0); then

W[():Z)(k) (Rpk) — e*iwﬂ W,(;:Z)(k) (K) (31)
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and W:2®(0) = 0 for p > 1; while for p =0 Wy (0) = 8,,,. We also find

£ (0;2) (k —ion(1—55) 12,(0:2) (k
WI();J)( )(Rpk) —e iwmn( 2]))W;(z;a )( )(k),

(B Win V(R k) = €707 (3, W 1) (), (32)

piw,0 Piw,0
(8_wW(0;2)(k))(Rpk) — e*iwﬂ(l*},) (8_0)‘;1\/(0;2)(]{))(1().

piw,o piw,o

(0;2)(k)
1,w,0

Since p > 1, and W (k) = 0 by explicit computation, (27) is proved. O

We start now the multiscale integration. Using (12), we find

eWN(OJ):/P(dzp(f""”)fP(dxp(m)e"(N)(‘”(SN)*O'“
- / Py SN D)V P ETD (33)

where VWV (¢ E¥=D 0, J) has the same form of (13). We introduce an £-operation de-
fined on the kernels in the following way

LWEMN-D(K) =0 ifn+m > 2,

- . (34)
L:Wu()ﬁz;gzm)(Nfl)(l_() — Wa()r’z;me)(N—l)(l_{) ifn+m<2.
Then we can write
eWN(O,J) — / P(dl/f(SNiz))
x / P(dw(N—l))eCV(N’l)(‘/’(SN’”,OJ)+RV(N’1)(‘//(5N’”,0,]) (35)

and integrating we arrive to an expression similar to the r.h.s. of (33) with N — 1 replaced by
N —2; and so on for the integration of the y**1 field. The above definition of £ remains
the same until the scale k = 0. For the fields on scales k < 0 we define:

A0 def =~ -
LWODE () = W0 (0),
LWE20 (p: k) & 126 (0; ), (36)
LWO2® k) L WO2H (0) + kay W20 (0).
By Lemma 2, since kdy = Y, D,y (k)d,,, we have that
LWOYO (K, p,q) =250, LWIDO (pK) = 8,0,
- - (37)
LW (k) =0.

In performing the bounds, it is necessary to pass to the coordinate representation; for 0 <
k < N, we define At 5 (X), Vizow,o (X) and Zy., 4 (z; X) such that

V9,0, =3 f I R I A

@ Springer



88 P. Falco, V. Mastropietro

+Z/d§ykuk;w,a(§) ;,a),a x_z,w.a
w,o

42 [y 5900000 Vs (38)

while for k <0

V9,0, =1Y / dX8 5OV ooV oo Vi Ve
+ -
3 / d2dX81 155, X) 00 V) Ve (39)

where §3(x) = §(X] —X2)8 (X2 — X3)8 (X3 — X4) while §,(z, X) = §(X; —X»)6(x, —z). To have
a uniform notation we will also use the definitions, for k < 0, At. s (X) = Ady —83(X) and
Zios @) 2 8,008:(2. %)

It is well known, see for instance [2], that V® (=00, J) can be represented as a sum
over Gallavotti-Nicolo trees (in the following simply called trees) defined in the following
way.

The trees which can be constructed by joining a point r, the root, with an ordered set of
n > 1 points, the endpoints of the tree, so that r is not a branching point. n will be called the
order of the unlabeled tree and the branching points will be called the non trivial vertices.
We associate a label 7 < N — 1 with the root, » and we introduce a family of vertical lines,
labeled by an integer taking values in [#, N 4 1], and we represent any tree T € 7, SO
that, if v is an endpoint or a non trivial vertex, it is contained in a vertical line with index
h, > h, to be called the scale of v, while the root is on the line with index /4. The tree
will intersect the vertical lines in set of points different from the root and the endpoints;
these points will be called trivial vertices. The set of the vertices of t will be the union
of the endpoints, the trivial vertices and the non trivial vertices. Note that, if v; and v, are
two vertices and v; < vy, then h,, < h,,. Moreover, there is only one vertex immediately
following the root, which will be denoted vy and can not be an endpoint; its scale is & + 1.
There is the constraint, for the end-points of scale 4, that &, = h, + 1, if V' is the first non
trivial vertex immediately preceding v. With each normal endpoint of scale &, we associate
LV given by (34) if h, > 0 or (36) if h, < 0.

We introduce a field label f to distinguish the field variables appearing in the terms V
associated with the endpoints. If v is a vertex of the tree t, P, is a set of labels which

Fig.3 A example of the
Gallavotti-Nicolo tree

h  h+1 hy N N+1
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Renormalization Group and Asymptotic Spin-Charge Separation 89

distinguish the external fields of v, that is the field variables of type ¥ which belong to one
of the endpoints following v and are not yet contracted in the vertex v. We will also call

ng’ o | P,| the number of such fields v, and ”1{ the number of the field variables of type J
which belong to one of the endpoints following v. Finally, if v is not an endpoint, x,, is the
family of all space-time points associated with one of the endpoints following v. It is easy
to verify that

VO@ER 0.+ BLE =) Y VvP(r) (40)
n>1te€Ty ,
where, if vy is the first vertex of 7 and 71, ..., 7, (s = s,,) are the subtrees of T with root vy,

V® (1) is defined inductively by the relation, k < N — 1

(_1)s+l

V®(r) = ELLVED ()] [V ED (7] (41)

where V&tD(7) = RV&+D (1), for R = 1 — £, if the subtree 7; contains more then one
endpoint; if 7; contains only one endpoint V*+1 () is equal to one of the terms in £V~
With these definitions, we can rewrite V® (z, ¥ (=9) as:

VO@) =Y Vv¥,P),

PeP:

(42)
VO (r,P) = / X, Vi K (' (Xug)
where K g’;’l)(xvo) is defined inductively by (41).
By Lemma 1 and calling &, = max,, ; maxXg<p<n{l1A4:0,0 lks 1Vi:o lli}
1Pyg|
1Kl < (o) ™oy e [Ty 2ed (43)

v not e.p.

where, if h, >0, 2, =0. If h, <0, z, =2 if |P)| +2n) =2; z, = 1 if |P)| + 2n) =4,
and z, = 0 otherwise. The proof of (43) is an immediate consequence of the analysis in
Sect. 3 of [2], based on (17) and the Gram-Hadamard inequality. The following lemma is an
immediate consequence of the above bound.

Lemma 3 There exist C > 1 and ¢ > 0 such that, for ;41 < & and maxX>i+1 | Zk w0 Ik < 2,
” Wg’:;m)(k) ”k < Cn+m7]8(m71/\0)yk(27n7m) (44)
def
for (m A Q) = max{m, 0}.

Proof For h, > 0 the definition of R imposes the constraint that there are no v such that
(| Pyl, n{,) =(4,0), (2,0), (2, 1); this implies that, for any v,

def | Pyl
dy, 2 2

—2+4z,+n! >0. (45)

In order to sum over t and P (for more details, see again [2]) we note that the number of
unlabeled trees is < 4”; fixed an unlabeled tree, the number of terms in the sum over the
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90 P. Falco, V. Mastropietro

various labels of the tree is bounded by C”, except the sums over the scale labels and the
sets P. Let V (7) the nontrivial vertices of 7. In order to bound the sums over the scale labels
and P we use the inequality

—(Pol oqzpindy _ —(hy—hy)dy
[1 st = ] yoct

v not e.p. veV(r)
| [Pyl
< ( 1—[ y—m(”v—"u/)) H i (46)
veV (1) veV(r)

and the first factor in the r.h.s. allow to bound the sums over the scale labels by C", while the
sum over P can be bounded by using the following combinatorial inequality. Let {p,, v € t}
a set of integers such that p, <> ", p,, for all v € T which are not endpoints; then

Z [Trs<T]Xr 4<>B<va,pu> <C" 47)

veV (1) veV(r) puv

where B(n, m) is the binomial coefficient. O

3 Power Counting Improvement

The bound (44) is of course not sufficient to prove the boundedness of the kernels W,";; 2m (k)

as we need to prove that &; is small uniformly in k. On the other hand v;, = (A, yhv, Z (2))
verify the equation, for 2 > 0

Vi1 = Vi + By (Vi o, V) (48)

where 3, is expressed by a sum of trees such that the first nontrivial vertex has scale 7 + 1
(from the property LR = 0), and vy = (Ad_o" 5,0, §5,5). Iterating the above equation one
finds

M (X) = WOHO (x),

- (49

Yoo ® =WEPW(x), Zp 0 (2 x) = WEP® (z; x)
and there is no reason a priori for which v, should remain close to vy ; this property will be
established by a careful analysis implying an improvement of the previous bounds. We will
prove in fact the following theorem.

Theorem 2 For |A| small enough, there exist a constant C > 1 such that, for0 <h < N

IWORD Y, < Cylaly™, WS = 8380 0/1ls < CilMly ™", 0
WD 9828, ot lln < CrlAly ™

where (with slight abuse of notation) v6; =§(X —y)v(x —uw)d(u — v).

An immediate consequence of the above theorem, together with (36), (37), (44), (49)
is the boundedness of the kernels W(ff;'")(k) for |A| small enough (and since, for 1 > 0,

y'=D
” Wg(tz,QZm)(k) ”k < Cn+m71 |C1)»|(m7IAO)]/k(27n7'n). (51)

@ Springer



Renormalization Group and Asymptotic Spin-Charge Separation

91

Proof The proof is by induction: we assume that (50) holds for 4 : k + 1 < h < N; hence

the hypothesis of lemma 3 are satisfied and we can use (44) to prove (50) for h = k.

def

To shorten the notation, in this proof we call n = y=F. By definition of the effective

interaction, V®, we have

Wore (2 x,y)

an+2mv(k)
= - —(0,0,0).
a‘,Zl o107 aJzn»"n an;‘rl W] ar])’l » W1 an;mvwm aﬂyrn-wm

By the explicit expression of the function V™ we obtain:

y®

Mo

(n,J,0)

ay®
= Jx,w,(r P (77, Jv O)

008 w.0

3*y® v gp®
+A | dwo(x—w + ,J,0).
/ ( )[aJw,w,_gawia 300 0P3ma ](" )

Moreover the Wick theorem for Gaussian mean values gives

/ P(dw[kﬁ-l,N])w)E{{;—!bN]—F(W[kﬁ-l,N])

/dug[k“ N1 (x—u) / P(dw[k+l N]) (w[k+1 N])
3% 0.0
for F any polynomial in the field. As direct application, we obtain
Y®
b J’
ot . J.9)
v& @, 7,0)
— e VP de +n Y
8(/)x,a),rr
=0 [Py g e
ay®
=Ty, t+ /du SN (x —w)——(, J. 9).
Moo

Another useful consequence is (since g, (0) = 0):

ay®
aJX.w.O

m, J, )

= nx,w,n nx,w,n

CIAC ay®
/dug[k+l N](x l.l)|:—?7x,w’0 + ﬁ:w.(,aT}

3'75@,0 u,w,0

/dudu gk N (x — ) gl NI (x — ')

(52)

(53)

(54

(55)
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3*y® ay®  gp®
X [ + = ¥ = j| (56)
377u,w.a377u/,w,a anu,w,rr anu’,w,a
We will use the following straightforward bounds, for ¢, c;, c; > 1:
18210 < sup |g ()] < coy”.
X
n d —
125711 éf/dXIgff)(x)l <cay™, (57)

/ dx|x;l|gP x)| < ey

We start the improvement of the dimensional bounds by considering W%2® By sym-

metry we have Wfla;o)(k) (w) = 0; hence from (53) and (55) we expand the two-points kernel
as in Fig. 4.
W(O;Z)(k) (X,y)
= / dwdw'v(x — w)gh M (x — w)w 2O (w; w'y) (58)

so that, from the bound (44), [|W>®||, < C given by (44), and by the second of (57), we
obtain

—0;0

N
0:2)(k (1:2)(k) i
IWO2O < 3] ol - WD - 1801
—

-1

ci 1—y

<
= 1_)/71

Clvlsolrly ™ < Cilrly™* (59)

which proves the first of (50), since 17?’1_1

c

< 1 (Cy is chosen so large to have such a factor
because of later usage). Let us consider now W(ﬁ};?(k), which from (53) can be rewritten as
in Fig. 5
1. The graph (a) in Fig. 5 is given by:

Wi @ x, y)

“ / dwduav(x — w) gk NV (x — WY 7w, y). (60)

o/,—0o;0

From the bound (44), || Wfi)a(k; lx < C?*y~*, we obtain

N
. . . C
1;2)(k 2:2)(k 1 —2k
| Wiasora e < 121 [0loo - IWr 2080 e D 718l = = 1Ay~ (61)
j=k
Fig. 4 Topological identity for w
w2 (k)
Q R, -
W/
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Fig. 5 Topological identity for W(1:2®)
2. The graph (d) is given by

WY @ x,y) E 85.08(x — 2) / duglt' Mx —mw?O@y) (62

and using (59) we get

N
(1:2)(k) - .
IWG2D e < 80,00 - IWOPO - D101

j=k

c C
Ty sy (63)

0;2)(k
< WSO —

In order to obtain an improved bound also for the graphs (b) and (c) of Fig. 5, we need to
further expand Wg;%k). Using (56), we find

20®)
W,y (2, W)

o/,

= / dw'dugli N w — w) g M w — w ) WE 2O (z; 0, ) (64)

and then, replacing the expansion for Wé}ﬁ);k) (z; 0, u) in the graph (64) we find for (b) what
is depicted in Fig. 6.

3. We now consider (b1) of Fig. 6.

1:2)(k) ().
Woor .o (2 X, ¥)

= AS(x—y) / dwdu'dz' v(x — w)v(u' — 7))

% /dudw/g‘[f‘#l,/\/] (w _ u)g([fﬂ»l,NJ (W _ u/)gtlf+1.N](u/ _ w/)

(2;2)(k) J—
X Wo,va;ﬂ(z, Z;wW,u). (65)
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Fig. 6 Graphical representation of graph (b) in Fig. 5

In order to obtain bound uniform in N — k, it is convenient to decompose the three prop-
agators g, 8.8 into scales, Z%J/:k 2P g ¢l and then, for any realization of j, 1, i,
to take the | - |; norm on the two propagator on the higher scales, and the | - |, norm on

the propagator with the lowest one. In this way we obtain:

(1:2)(k) 2%k
1w, =< IAl- vl - ]2 - IW, lle

(b)o';o o’,0,—0
N Jjoi C
o A
x31) 3D le g g e < S5 lAly (66)

j=k i=k i'=k

where, in the last inequality, we have taken |A| small enough, and we have used that
ZL}( y -k <C Z;‘Lk y~iyU=R2 < cry=k,
The expression for (b2) is:

W (2: X, Y)
Y38y _o8(x—y) / dwu(x — w)[gXT M w —2)]. (67)

For K* = (—ko, k), it holds g 1"NM(k) = —iwg!**1-¥(k*) hence
/ du[g* MM w2 =0. (68)
Since

1
DX — W) = v(x— 2) + Z(z,-—w,-)/dr @0x—z+1@—W) (69
0

j=0,1
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Fig. 7 Equivalent expressions
for (b4)

we can write

@L2)k) (.
W(bZ)a’;a (Z’ X, Y)

= 1857 o 8(X — Y)V(X — 2) / dwlg" M W) + 18,1 o 8(x —y)

1
x Z/O d‘[/dw(ajv)(x—Z—|—‘L’(Z—W))(Zj—wj)gg(Jrl‘N](w—z)

j=0,1
and the first addend is vanishing because of (68). Hence, using the third of (57),

(1;2) (k)
” W(bz){ff;(, ”k

1
<|Al Z/ dz/dwdxua,-v)(x—z—rw)w,-[gE‘;‘*N](w)ﬁ
0

j=0,1

N i
s4|x|fdx|(ajv><x>|22|g9; .

i=k j=k
(@) G —k
x [ dwlw;llg,’ (W] < IXIZ—OV (70)

5. The expression for (b3) is:

L)W (.
W(hZ)G/;a (Z7 Xa y)

Y 060 _a8(x—y) / dwWo(x — W)
X A / dz (g% (w—2)Pou - )WV (@, 2). (71)

The improved bound for (b3) is obtained in the same way as for (bl).

: C _
| Wisssor lle < 55121y ™ (72)

6. It is convenient to further expand (b4) using the identity (58), which, in the case at hand,
is depicted in Fig. 7.
Thereby, explicit expression for (b4) is

1:2)k) (.
W(h4)0/;g (Zv X, y)

Y sy _oa2 / dZ dwo(X — W)g, (W — 2)
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X /dw’du’dugg‘“’m (w—w) gl N w —uyu(w —u)

% W2® ' u, Z/)gé[f-%—l.N] Z —1). (73)

—0;0

As in the previous cases, it is convenient first to decompose the propagators g, (w —
7)o (W — W)g,(W — u) into scales, Z%,i/:k gc(oj )gg) gc(j) and then, for any realization
of j,i,i’, to bound with | - |; norm the two propagators on highest scale, and with | - |5
norm the one on lower scale. Finally, for |A| small enough, we have:
1:2)(k 2 1:2)(k
Wil < 807 —o 112 - 1011 - 0loo - IWSDC Nk - 10l

b4); 0 ;0 —0;0
N i C
3! D1 18011189 oo < =~ 1]y 2. 74
X3! ZZ& 18511 185 1o < 25 141Y (74)
Jj=k i=k i'=k
7. Similar arguments can be used to bound also the graph (b5).

Finally, it is also clear that a bound for (c) of Fig. 5 can be found along the same lines
discussed for (b) of the same figure. We have so proved, therefore

. C
WO < —Ly, (75)
; Cz

where, for later purposes, C; is chosen large enough so that in (75) C; = 1 + 2|v|x(1 +
lgl - IWOD® ). Clearly (75) implies the second of (50).

Finally from (53) we obtain the identity in Fig. 8. Therefore the bound for the sum of the
graphs (a), (b), (d), and (e) is

. : G _
L ol - W2 = 8 o8l + I8l - WP < =y (76)
Indeed, the last inequality follows from the just proved, improved bound || W;:;z,)(k) —
80.082llk < % |Aly ~*. Finally, the graph (c) is
Wit o (. y.X.¥)
= / dwduv(x — w) gk -V (x — u) Wf'{f()w,(w; u,y x,y). a7
Using (44), W) | < Claly = and
(0:4) (1:4) G n
IW w00l STAL Vloo - 1801 - IWZ 0 e < 7|X|V . (78)
From this the third of (50) follows and the theorem is proved. |

4 Schwinger Functions

The multiscale integration of (4), when ¢ # 0, is obtained by a slight modification of the
one presented in Sect. 2. In particular V® (=9 ¢, J) is given by an expression similar to
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Fig. 8 Graphical representation of W ODE  The dark bubble represents Wél‘;z,)(k) — 85,502

(13), sum of monomials in ¥ <X, J and ¢. We define £ = 0 on the kernels of the monomials

containing at least a ¢ except when the monomial is ¢y, , ¥, $F+D or yf SV | 5in

such a case the kernel is g, (k) W %2® (k) and we define, for 0 <k < N,

L3, WO k)] Y 5, (1) WO® (k) (79)

while, for k£ <0, £ =0. Correspondingly, for k > 0 we define
ke~ d .
Y Do (X, 9) 2 / dzg,(x — )W ® (2, y) (80)

and using (59) we obtaiAn 1Vk.w.0llx < CilAly~*; while for k < 0 we set Dy o0 (X, y) =0,
because of the fact that W%2® (0) = 0 by symmetries, and then there is an automatic dimen-
sional gain:

8o W20 &) = 2, WO (k) — W2 D 0). (81)

Let & be larger than &; and max,, ; maX;<s<n || Vk.w.0 lx. The 2-points Schwinger function
is given by

Svwe® Y=Y gPx—y+Y D> Y sxy). (82)

h<N n=0 j<N 5720 Pep
T<Tjn | Pygl=2

- J . . . . .
where ’Z;fﬁ’” is the set of trees with n endpoints, n? special endpoints of type ¢, n’ end-
points of type J and first vertex scale j; n’/, n? are the number of fields of type J, ¢ asso-

ciated to end-points following v. If 4 is the first nontrivial vertex u of t, and &; and h, are
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the scale of the two endpoints of type ¢, we have

1S:x, )| = Cyledy) 2y e TT (324

v not e.p.

y 2h

x—r (83)
L+ [y x -y

Indeed, (83) is the same of (43), for | P, | =2, ”1{0 =0, times some factors more.

1. The presence, with respect to the graphical expansion of the kernels, of two external
propagators, g1 and g2, causes the factor y 17",

2. Before performing the bounds as for the kernels, it is possible to extract from the bound
on the propagator (11) a factor b, = (1 + (y"|x — y|)2)~!: the product of by, for each of
the propagators of the graph that are not involved into the Gram determinant (18) can be
bounded with the factor [1 + [y"|x — y|12]~" in (83) at the price of a constant C".

3. The bounds for the kernels can be straightforwardly modified also for obtaining the fac-
tor y2": it is the effect of the missed integration in the variable x — y, that causes the
replacement of | - |;-norm with the | - [,o-norm of a propagator g,,; this occurs in corre-
spondence of v, the vertex with highest scale, &, in which the two special endpoints of
type ¢ are connected.

It is convenient to call | P,| = nv‘/’ + n?. We have that z, is the same of (43), with a further
case in which it is not zero: if &, < 0 and n{” =nY =1, then z, = 1. This is because the
automatic dimensional gain depicted in (81).

Along the tree T, we consider three paths: C; and C,, connecting the endpoint of type ¢
on scale i; and the one on scale &, respectively with vy; and C connecting u with vy. For
j=1,2,wefindy i =y~J [Toee, y~'and y =/ =y "], . v. These identities, replaced
in (83), gives:

)/h

1S, (%, y)| < C,(cEp)" ?——
' ! 1+ [y x -yl

vgC
—(ﬁ+ﬂ—2+~) i
<\ TT =) v (84)
v not e.p. veC

1 4 v X
and %5 + 3’;” —2+2,>0,as well as %~ > 0 for v € C: we can perform the summation on

the trees, keeping fixed the scale .

h
< 4 1
ISh:wi0 (X, ¥) — g5V (x, ¥)| < ClA| E 7 <ClA| . (85)
Syt Tyl

Finally, we want to study the difference Sy (X, y) — Su:o (X, y) for x —y #0.

SN;w;a (X, Y) - Sw:(r (Xv Y)

oo +00
=Y gPx=-+Y. > > > Dxy). (86)
h<N n=0 j=—00 520 PepP

Jn |on‘:2
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In such a tree expansion, D (X,y) is not zero only in two cases: either 7 has at least one
vertex v* on scale #* > N; or T has vertices scales < N, but has an endpoint which, in turn,
has tree expansion with at least one vertex v* on scale h* > N. If t is of the former type,
fixed ¥, we have

]/h

1+ [y x —yl1?

vgC ¥
N 3n v y
0 h)( l‘l y,( 2+Zv7’)> | |y’T. (87)

v not e.p. veC

|D. (X, )| < C,(c&y)" 2

It 7 is of the latter type, we still have the above bound, by induction on the subtrees in which
the endpoints can be expanded: indeed, in the analysis of the previous section it is clear that
if the fermion propagator is constrained to be on scale > N, bounds (50) are still true, with
a more factor y ~** =% which, together to a factor y 7~ gives the wanted y 7 *" =",

W
For ¢ > 0 and but small enough, we still have "TL + % — 2+ z, — ¥ > 0. This means

that we can perform the summation on the trees, keeping fixed the scale k. As y~?¢"~" <
y PN,
y -+
|SN:0 (%, ¥) = Suro (X, 1) < Cy =Y Z —
T D x -yl
1
y79N|x_y|l+19 ° (88)
5 Ward Identities
Let us consider the 2-point Schwinger function with one density insertion:
A ERAY
GNwoio (P K) = — — —(0,0). (89)
0 JvavU’ awk-ﬂl,w,a 81ﬁk,w,a
In the generating functional (4), we perform the phase-chiral transformation
N n dp . A
Foo = Vs +2 [ G osbrmc iy ©00)
and obtain the identities:
Dw(p)éN;w,(r’:rf (Pv k)
=850/ [SN:0,0 (K) = Sns00 (K + D) + D70 (93 K) CI)

where A, - (P; K) is a correction term caused by the presence of the cutoff:

dq B ~ R
Auoro (p;K) = / By o P DT T o Vg T )

for

Crio® +p.K) Z Dy (k+ 1 — x5k +p)] — DB — x5 K)].
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The rest A,.».+ (P; k) does not vanish in the limit of removed cutoff, but rather it causes the
anomaly of the Ward Identities.

Theorem 3 There exists g9 > 0 such that, for |A| < gy and in the limit of removed cutoff,

a(p) +od'a(p) 4

Gooro (P k) = f[sw(lo Sy (K)] (92)
for
) = ! an(p) = !
P - 2imbe® T D) + £ 0@ D_up)

The proof is a consequence of the two following lemmas.

Lemma 4 For |A| small enough and p,K,p — k # 0, the limit of removed cutoff of
Go.o.0 (P; K) exist and is finite.

Proof We can write

Goro (k) = ZZ > ) Gk, (93)

n=0 j<N . 7—21‘;@' 5
U

with an obvious definition of ér(p, k). We define hp, = min{; : f;(p) # 0} and suppose
that p, k, p — k are all different from 0. It follows that, given 7, if ~_ and h, are the
scale indices of the v fields belonging to the endpoints associated with ¢* and ¢~, while
h,; denotes the scale of the endpoint of type J, G- (p: k) can be different from 0 only if
h_=hg,hx+1,hy =hg_p, hyp+1land h; > hy — log 2. Moreover, if T]';:; denotes the
set of trees satisfying the previous conditions and 7 € Tjﬂ t, |G,(p; k)| can be bounded by
[ dzdx|G.(z; x,y)|. We get

G (P k)| < Cy Ty e

xY Dy €y ] v (94)

n=0 j<N pk Pep v not e.p
< Tjpn |Pgl=2
where d, = ‘PL —2+z,+nd.
Givent € T/p .- let vj the higher vertex preceding all three special endpoints and vi > vj

the higher vertex preceding either the two endpoints of type ¢ or one endpoint of type ¢ and
the endpoint of type J. We have d, > 0, except for a finite number of vertices belonging to
the path C* connecting v} with vj, where d, = 0:

(a) the vertices with |P,| =4 and nf = 0; since there is a momentum k flowing inside
the corresponding cluster and k — p flowing outside, by conservation of the momenta
the scale label of both of the other i fields—and hence also the scale label of such
vertices—cannot be less than log,, (|p|/2);

(b) the vertices with |P,| =2 and ”1{ = 1; with a momentum p flowing inside the cluster
and either a momentum k flowing inside or k — p flowing outside, the scale label of such
vertices cannot be less than min{h,h_} — 1.
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Accordingly, the number of the vertices depicted in the above list is not larger than min{|sy —
hpl, hk—p — hpl} + 2 — log, 2. Thus we can replace in (94) the rough bound:

[T v % < cytmslylna ol TT y-dn

v not e.p v not e.p

with r, =1 for v : d, = 0 and r, = 0 otherwise. Finally, we can perform the sums over the
scale and P, labels of t, obtaining:

|Goriar (P )| < Cy Ty ~py Iholy ey iol, (95)
This completes the proof. 0

Lemma S There exist a finite vy such that it is possible to decompose

A2 (1K) — vy D (D) Do (PG yivi—or .o (3 K)

=Y Da(PRY .0 (0 K) (96)

p (1
where RN(M)J -

is such that, for fixed k and p, it holds

lim R}V‘ 2 oo (1K) =0. 97)
Furthermore, limy_, o, vy = %
Proof 1t is convenient to write the rest R(]j)a o as
Y D @RY?, @l= g 98)

aaq’&—f’/ agaqu.w,a a(pk,a),rr

where we have introduced the new generating functional W, («, ¢) defined such that:

eWA(Dt,(p) — /P(deN) eiv(AN)(I//(SN)*a"p)
i f PY=")expl—aV (=) + [Ty — vy T 1=, )
x eXP{ > / A2V, Prvo + wzw,gwéi,,”r)} (99)

with

d
To(, a)—Z/ (2" )‘immcm(qw D0 Vi rpoo Vawos
(100)

dq o
T )= Y [ O T @00 D@ i o Vo
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We remark that the presence of the cutoff function xy(p) =4 21;':_ N fj(p) is immaterial
for (98), since p is finite and nonzero. But it is essential for the multiscale integration,
because it simplify the discussion of the tadpoles.

A crucial role in the following analysis is played by the functions

U6 (q+p, @) < ix(P)Cro(@+p, 939 (q +P2Y (@),
0N (q+p. Q) Y 7y () Crio(q+p. DEN (q + P) 7, (@).

(101)

We remark that l}g’j)([), qQ = ﬁj)j’”(q, p); in particular l?j)’?f) = 0 if neither j nor i equals N.
As proved in [3] (see also Appendix A) it is possible to decompose

U @+p. @ =) Dap)Sy) @+p. @,

0]

U (102)
0N Nq+p. @)=Y Ds(Py" (a+p.a)
for S( ) such that, calling
dpd . i
S(l ])(Z X, y) (2p )(: ﬂp(xfz)eflq(yfz)Sg:cju)(p’ q) (103)
and similarly for Py ;*, ), for any positive integers p, g there exists a constant C,, ;, > 1 such
that
N J
S(N D (z: x, 4 y ,
o0 X = Coa N 2l T+ [y ly =l .
: vY v oy
1P @ %, 9) < Cpg = ‘ :
’ L+ [yNx—z[]? 1+ [y/]y —z|]9
The lemma holds if we choose vy to be
def a dp
w3 [ SRS e, (105)
i,j=—00

As proved in [5], in the limit of removed cutoff of (105) equals % Therefore we have to
prove that with this choice (97) holds true.

The integration of Wx(«, ¢) is done by a multiscale integration similar to the previous
one. After the integration of the fields ¥ ™, ..., y**) we get the effective potential 1V’
such that

eiv(Ak)(lp(Sk)yaxp)=/P(dw_[k+|,N])e—V(AN)(¢(SNJ,a,¢). (106)

In particular, in view of (98), we are interested in the part of V(Ak)(t/f(fk), «, @) linear in o,
that we call K% (¥ =b, &, ¢). We first consider the kernels for ¢ = 0.

K® (@, a,0)
K (52m) k) m
,0,0 (X Yy Z)
_ZZ/dXddeA—axwﬁl_[ ywa,l_[wlwal (107)
m>1 w,0
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As consequence of (102), we decompose

Asw;0,0 A0,0;0,0

RO @: 0 <Y Da@Wiam s, (pi k. (108)

We prove the following result.

Lemma 6 For |\| small enough and p, k, p + k # 0, we have that WX 3";)((,]() analytic in \
and, form > 1,
m —Llv- —m
WD E )y < Clafy ~W=0yk=m (109)
Proof We integrate as in (33), and the difference with respect to (4) is that the term

fdex,ﬂ,,J w;fwﬂ .o 18 Teplaced by To(¥, @) — vy T_ (¥, «). The integration is done ex-
actly as in Sect. 2; we define for 0 <k < N

CWE® ek =WalY e, , k) (110)
so that for k > 0
LV W =h, a,0)
— LY(WED 0
Z / fzk )‘Z Doy (P)Vf 1y 5 (93 K) G0 Vi on s Vi (111)

LV(r=P | 0) is given by the first two addenda of (38). On the other hand for k < 0 we define

def be

LW (o) = WO 0:00Z pr (112)
so that we define f);r_w_a and D, , such that
LV =Ly, 0)
i D o @t U ED . (113)

@)
Proceeding as in Sect. 2 we can write

Wi (p; o) = Z Z Z W4, (p; ), (114)

21 pe
€7
kon \Pv0| 2

where 7}?;,' is a family of trees, defined as in Sect. 2 with the only difference that to the
end-points v is now associated (111) for 4, > 0 or (113) for 4, < 0.
Assume that

] < Claly 2 ™Vh), (115)
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then
® R ) VA S Yo L L
Wil < (cen)'y™2 Y 0
LPy]
X || y*(772+u+n‘3) (116)

v not e.p.

where n¢ is the number of endpoints of type « following the vertex v and, by construction,
n‘jjo =1. % — 24z, +ng > 0; this formula implies immediately (109).

The bound (104) says that, for obtaining the dimensional bound (116), the function S/
is exactly equivalent to the contraction of the operator J v ~, with one ¥ field contracted
on scale 7, and the other contracted on scale j. This is coherent with thinking to the external
field D, (p)ép, o as bearing the same dimension of the J field.

To avoid the (n!)?> bounds for the truncated expectation require more care. Indeed, in
the contraction of the operator Jv ™1~ one propagator belongs to the anchored tree of
formula (17), while the other may belong to the anchored tree, or be inside the Gram deter-
minant. When studying the contraction of the kernel Tj it is convenient to avoid the bound
of the Gram determinant with (24) directly. The determinant can be expanded with respect
to the entries of one the row and the corresponding minors; in particular, we choose the row
(made of [ entries) containing the propagator coming out of the operator Tj, so that, together
with the other propagator in the anchored tree, we can reconstruct the function S@/) times
a monomial in the parameters t that can be always bounded by 1; the corresponding minors
are Gram determinants of dimension / — 1, that can be bounded as in (11). Therefore, the
expansion with respect to a row make us loose a factor / with respect to the usual bound,
namely a C" factor more in the final bound.

In order to prove (115) we note that

(1;2)(k) .
WA;(Z).w,a,a’(Z’ X, y)

N
= Z /dudeg:(f;)(z; u, WP g w x,y)

5= w;0,0
— 85, —wVN / dwv(z — w) Wa()lft)r(?, (W; X,y). (117)

The reason for which in the second line of (117) there is W:}O;L(,k )

non-connected graphs whit four external legs is the following:

(a) Defining (1 — xn(k)) fi (k) = 4;, NU ~ (K), the graphs in which one between the fields 1&
in T, is contracted with a kernel W %2® ig of the form:

(u, w, x,y) and not also

xvk+p)—1

Dok + P, WSO (k) —uy ) WP (k). (118)
xv&k+p)

This term is not compatible with the structure of the multiscale expansion of the
Schwinger functions, since by support properties we have |k + p|, |k| > ¥ while, by
construction, the fields Wkil\]l;] and y=""", implies the constraint [k + p|, [k| < y*.

(b) The graphs in which all and two the fields ¥ in T, are contracted, each one with its own
WO:D® have the form

—[un(k+p)goK) — uy(K)go(K+p)]
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% W(E)O;Z)(k) (k)WéO;z)(k) k+p) (119)

hence they are not compatible with the multiscale expansion for the very same reason
as above.

Equation (117) is analyzed in a way similar to the one followed in Sect. 3; by using the
decomposition of W%Y® in Fig. 8, so obtaining the decomposition for Wilj)(f)k)aa, depicted
in Fig. 9.

Fixed the integer g and calling b, (x) « C,y’/(1+1[y/|x|]7), we bound the r.h.s. member
in the same spirit as in Sect. 3.

1. Graphs (c) and (d) are:

—w,0

N
Z /dudu/dde’S(i"j) (z;u,w)g,(u—u)v(u—w)

i,j=k

x WG (wiou' w,x,y)

w;—0,0,0

N
+ Z dudu’dwdw’S(_i;,f',)w (z;u, w) Wifjka) (w, w')

i, j=k

X go(W — W — )WDY @' x, y). (120)
w__y . y _.

.

z V4

1 x " x T
(a) y . (b) y .

= —UN
z u ~. zZ=1u ~.

X X

+60,0’

Fig. 9 Graphical representation of (112)
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Since either i or j has to be N, and by the bound (104), the norm of (c) is bounded by

N
2|Vloo Z /dxdu’dwa’w’|Wq;4)(k) ,(Wid,w,x,y)|

— w;—0,0,0
X /dzdubN(z—u)bj(z—w)lgi)’”)(u—u’)l (121)

and hence we can clearly proceed as for (66) but now the scale of higher momenta is
fixed to be N, and therefore we get the bound

N i
CilAl Pl -y * Y Y "y Ny iy”

i=k i'=k
< CyIAly V(N — k) < Gsaly Hy 1AW, (122)
A similar bound can be obtained for (d).

2. The graphs (e) and (f) are:

N
8o Z dudwdw’Sf;f,)w (z;u, )W 20w w x)

;0,0
ij=k

x [8 (u—y) + / du'g,(u —w)u(y — W)W, y)]. (123)

The bound for the graph (e) is C|v|x - || Wa(,l(,zf,(k) e - 16w Z_}/‘v:k |bjli < Cy—WN=hy=2%
Similar bound holds for (f).
3. The graphs (a) and (b) are:

N
/du|: > SU @uw) — vz — u):|
i j=k

X /dwv(u —wyW 2O %, y). (124)

Using the identity (69), for graph (a) we have

—w,0 w;—o,0’

N
Z /dude(i‘j) (z u,wyvu—wW" O (w: x y)

i,j=k

N
:/dwv(z—w)Wu(ifi‘,gk,)(w; X,y) Z /duS(_i;j',)w(z; u,u)

i,j=k

N
+ Z Z /duS(_i;j'L)(z; u,w(up —2,)
p=0,1i,j=k

1
x/ dr/dw(apv)(z—w+r(u—z))w<}fz“k1(w; X, y). (125)
0

@ Springer



Renormalization Group and Asymptotic Spin-Charge Separation 107

The latter term is irrelevant and vanishing in the limit N — k — 4-o00: using that one
between i and j is on scale N, a bound for its norm is

o';—0o,0

N
2 W52 - lawl, -Z/dubN<z—u)b,-<z—u)|(u,, —2))| (126)
j=k

and we obtain the bound Cy ¥y =@~k The former term in the r.h.s. member of (125) is
compensated by (b). Indeed we have

N
Z /duS(_i;{L)(z; uwu) —vy =2 Z /duS(_IZ;,Q(z; u,u) (127)

i,j=k J<k—1

and hence the bound for such a difference is Cy =~V =0,

The graph expansion for Wélj)a()kla, is again given by Fig. 9, but for vy replaced by 0.
Hence a bound can be obtained with the same above argument, with only one important
difference: the contribution that in the previous analysis were compensated by (b) now are
zero by symmetries. Indeed, calling k* the rotation of k of 7 /2 and since iffi,) (k*,p*) =

—wé)gg:aj)) (k, p), in place of the bound (127), in this case we have:

N N dk
@) (- — Q. j) k) —
D / dus®s (z,u,u)_izj:k / (271)25%5, (k, —k) =0. (128)

i j=k

Finally, so far we have obtained (115) for k > 0.
Let us consider, now, the case k < 0. By (112) we have

LWL, /(i K)

A0,0,0,0

— V’[‘/(I:Z)(k) ,(0; 0)

A;0,0,0,0

dq i ~ 0 s
= f (271)25“(’)70]))(‘1’ QWD (q,q,0) = 85 oy W24 0,0 (129)

As we noticed in Sect. 2 W12® (0,0) = 6_4,5; furthermore, under a rotation of 7/2p,

;—0,0

S‘,E’iuj)) (p*’ q*) — e*i(aH»(D)% S‘,E’iuj)) (p’ q),

) IR (130)
W[()(?;Qél)(k) (p*, q*7 0) = e—zwﬂ( _E)W‘,(,?g)(k) (p7 q, 0)
hence the integral in (129) is non-zero only for p = 1 and @ = —w, case in which (129) is
reduces to (127). O

We can finally discuss the bound for R;lf,)a (p; k) so finally proving Lemma 6. It can

be written by a sum of trees essentially identical to the ones for GS:,) »(P; K), with the
only important difference that there are three different special endpoin'ts‘ associated to the
field «, corresponding to the three different terms in (100); we call these endpoints of type
T, T, Ty respectively.

The sum over the trees such that the endpoint is of type vlfw,a can be bounded as in (94),
the only difference being that, thanks to the bound (115), one has to multiply the r.h.s. by a
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factor |A|y =20 for k the scale of the endpoint. This factor has to be inserted also in the
r.h.s. of the bounds (95), hence, it is easy to see that the contributions of these trees vanishes
as N — oo.

Let us now consider the trees with an endpoint of type 7y. The fields of the T endpoint
are contracted at scale j, N; this implies that 4; = N: since d,, +r, — 1/4 > 0 for all vertices
belonging to the path connecting the endpoint to the root, we can replace in the r.h.s. of the
bounds (95) d, + r, with d, +r, — 1/4 and add a factor y ~®~")/4 5o that

Jim RS;)a(p,k) (131)
6 The Closed Equation
By (54), for k = —o0, we obtain the Schwinger-Dyson equation for the two-point Schwinger
function
A R dp
SN0 (K) =gu(K)| 1 —A 2n)? (PG w010 (01 K) |- (132)
We define
()] : ay(p) :
an(p) = = ) an(p) = =
T D) — v () D () T D) + vv (@)D (p)

and summing over o’ the equation, we obtain the vector Ward Identity (associated the phase
symmetry):

ZGN w0 (P k) = cw(p)ZD PR, (P K)

+ay(P)[Sn:v.0 (K) — Syio.0 (k+ P)] (133)

while multiplied times o’ the equation, and summing over ¢’, we obtain the axial Ward
Identity (associated to the chiral symmetry):

Z° G.woto (P K) = 0an(p) Y eDs(PIRY sy o (93 K)

F(l)

+ 0an (P)[Sy-w.0 (K) — Sy.0 (K + P)]. (134)

. . . 1 4
Finally, from these two equations, since +§ T =38,

Z ay(P) +an(P)e

Ghworo (P K) = > Da@RSZ. . (p:K)

&,0

n M[&Vwa(k) Svwok+P)l.  (135)

In order to shorten the notation we now define

def V(P)la(p) + ea(p)]
A(p) 2 5

(136)
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Let

R, (k) defz / & )sz(p)A P DR . (p:K)

Theorem 4 [f|A| is small enough and for fixed momentum K, in the limit N — 0o we obtain

p ~ A
) A_(P)So.c(k+P). (137)

Dy(K)S, o (k) =1+ /

By solving (137) (see Appendix B) and using (88), Theorem 1 follows. In order to prove
of Theorem 4 we have to show that

Jim RD (k)= (138)
it is convenient to write
*w
RO2 (k) = ———=—(0) (139)
ﬂk w,o 3§0k w,o

where we have introduced the new generating functional

VreB9) _ /P(dw(<N))e Vi =N p.e)
M/ P(dy) exp{—aV (V) + [T — oy T =N, )
con| T [lanei vz + v vs. a40)

with
T (0, B) = Z/ e N DA P)Crula+ B

Ay _
X ,Bk w,0 wk+p w,0 Wq#—p,w,—sa wq,w,—ea ’

(141)
T, B) = Z / o )4xN(p)A «(P)D(P) D, (p)

+ —
X ,Bk,w,o wk+p.w'g Wq+p,w,sa lﬁq,w,m

and vy is defined in the previous section.
The integration of Wr . can be done in a way very similar to the previous ones. After the

integration of the fields ™, ..., w**+D we get
e—V(Tk_l(llf(Sk),ﬁJﬂ) aﬁr/ P(dl//‘[k+l N]) 7V(TN)(1//(SN>J3,¢) (142)
and we call H(k) the part of V(k) that is linear in 8
HE.(1.0. )
(1 2m+1) (k) m m+1
T £,0,0 (Z X, y)
=25 [faninay = o [T [T (199

m>1 w,0
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Theorem 5 [f |\| small enough, forany h:k+1<h <N,

||H(l;2m+1)(k)||k < CV—%(N—k)yk(l—m) (144)

T.ei0,0

Proof The integration is done exactly as in Sect. 2; we define for 0 <k < N

CH ) = AL (00 < 2 (pi k), s
cA0 sk = AL i) < i (b k)
so that for k >0
LVE, = Lvy'=P,0)
dkdpdq » 3 G(sh— 4(<ht G (<h-
(2”)4 )"i(k’ p, q)/sp,w,a wkq»p‘w,a kjw,follfkjrp,w,—a
4 f K 0w U0 (146)
(2m)? o @7
where LV (=9 0) is given by the first two addenda of (38).
On the other hand for k < 0 we define
LA 0 K) = Hy0(0:0) =3, o
LHEO 1) = A0 0. ) = F¢ (147)
T,e;0,0\F> 22 T.e;0,0 3 k
so that for 2 <O
LVE = LvEh,0)
2 dkdpdq 2 ~(<h)— S (=h+ ) (=k)—
Ai QT)A;IBP&LU wklp,a),o‘ kjw,fa lﬁlﬁzp.w,fa
2 / L (148)
Q2m)2" " @

where LV (=0, 0) is given by the first two addenda of (39). Proceeding as in Sect. 2 we
can write

00
(1:2m+1)(k) __ (1;2m+1) (k)
HT,S?Q.Q - Z Z Z HT,s;r,P (149)
n=07t€T, P

where 7}, is a family of trees, defined as in Sect. 2 with the only difference that to the
end-points v is now associated (146) for i, > 0 or (148) for &, < 0; and there is one special
endpoint with field 8.

Assume that, for any &,

1
AL e, Nz lle < ClAly ~2 V0, (150)
then, proceeding as above

_ _a 1 Pyl
VH el < (e oy 72V e 0y
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% 1_[ y—(@—zﬁﬁng) (151)

v not e.p.

and again 'Z”' —2+z, +n{ > 0. In order to prove (150) we can write

H(1:3)(k) =Ha(1:3)(k) +Hb(1:3)(k) (152)

T,s;0,0' 0 T,s;0,0 0 T,s;0,0' 0
where:

1. H;f(glfi)iff) contains the term in which the field @kﬂ,,w,a of T\ and T_ is not contracted or

is contracted with a W©:2®).

[_}a(lﬁ)(k)(k P

T.& 0,0

=[1 + g+ N ()W 2O )1 A, (p) D, (W PP (k; p) (153)

Ag0,0 0

for k > 0 we have already proved the bound ||[W®2® |, < C|A|>y~*; for k < 0, we use
the fact that the local part of (up to first order of Taylor expansion in k) W©2® s zero,
and the rest has a dimensional gain of one degree; by (109),

[HEGD®O ) < Cmy—%(zv—k)_ (154)

T.e0,0

For k < 0 we have defined EI:I;(;;);‘) (k,p) = I-};(;:))g) (0, 0) and we know by symmetry
that #2722 0,0) = 0.

,6,0,0

2. H2UY® contains the term in which the field @kﬂ,.w.g of Ty and T_ is contracted. We

T.&;0,0
can further distinguish them as in Fig. 10; we can write
b(1;3)(k)
Hy oo (X,¥,0,9)

:/dzdw{)(x—z)gyf“'m(x—w)K“"‘D(k) (z; W, y,u,v) (155)

Agw,0 0

where

(x) = / dp e™ A, (p)D,,(p)

(a) @ ’ | (b)Q’ |
(c) - () -
+ - = - + - -

b(1;3) (k)
T.e;0,0

Fig. 10 Graphical representation of H.
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so that, by the bounds for ||Ki1 84)0()"; s 1910 and 1891,
b(1:3)(k k. v
IH7 S e < CIly ™y 20 (156)

While for k < 0 we have that the local part of the graph is zero by transformation under
rotation.

J2i% Dk)

We consider now the terms contributing to Hy,. '

1. The contraction of the field 1/qu pw,—co With 1//,; w.—so Of T, possibly through a kernel

W©O2® (q), can only happen for p = 0, and therefore it is forbidden by x (p).
2. The contraction of 1//q pw,—co With wk +p.w.o (thatcan take place only for & = —), possibly

through a kernel W®2® (q + p), and possibly with ¥/, _,, contracted with a second
kernel W ©2® (q), has the following expression

~all: d A
A0 = [P avp + A+ 1000+ Py (p)
X [1+ g5 MW OO @)L+ g Mao WO o). (157)

For 0 <k < N, we define EHa(1 mk) (k) = H** DO (k) for such terms; since |k is fixed

Tsa)rr

by hypothesis, |p+ k| < Cy" a bound for (157) is

N

|v|my‘ky‘“v—k>[1 + cZy‘“"”}[l +Cy~"H)
Jj=k

< Cyhy—D), (158)

On the other hand, for k < 0, LH; D% (k) = A7) (0) and

T, TEa)U
H7 )W (0) = ZD (k) / o )sz<p>A (P)O(P) (Burttn) (D)

x [1 4 gEHIN pyW OB ()1 4 LN 10 W2 E (1)) (159)
Such an integral is zero. Indeed, we have

i) = vy 0?(p) D (P)
“P = Drp) — 202D, (p)

_ w*(p)D_(p) (vNﬁ(p)D_w(p)Y"dif i 160
- DXp) g D, (p) =2 Ap-. (160

p=0

Under a rotation of an angle ¥, we have:

Ap-(p) = Er VA, _(p),
0:2)(k) (0; 2)(k) (161)
*\ i 2p'—1
WD (pr) = e 7P Cr=D W (210 (p)
and therefore, since (4p +4 + 2p’) > 0, taking v:d(@dp+4+ 2p') < 2w, the integral
(159), with A_(p) and W%>® (p) replaced by A, _(p) and W2 (p) respectively, is
ZerO0.
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b(1; D (k)

. /
T,e;w,0 0

Fig. 11 Graphical representation of H,

3. The contraction of 7} with all and three fields contracted with the same kernel Wéfg‘)(");
and the contraction of 7_. They are:

FLGDE (K)

T,6;w,0
N
dpdq . - i
=2 Y [ B @A 0103 @+ b )
o ik T

% 8o+ RWOY O (k+p.q+p.q
+/—dp v (P)A:(p)D(p)D
(ZH)ZXN(P) «(PV(P)D—0(p)

X go(P + KW POk +p, p). (162)

It has a bound as (115) times a further factor

N
Wl - Y lghli <Cy . (163)

j=k

For k < 0, we have H2"*"® (0) = 0. This follows using (160), (161) and

T,6;0,0

: v(p) D, (p) def N 7
Ar(p) = a =) Ap+(p), (164)
i D2(p) — v} 0%(p) D2, (p) ; "
Ap,+(p*) — e*iw0(4p+l)AlL+(p)’
WD (pr) = e=ior @ =2y 09O ), (165)
Ds(p*)S50) (q* +p*. q%) = e 7" D (p) S (q + p. @)
This completes the proof. U

Appendix A: Bounds for the A Function

Because of the symmetry S{E}'i z(p, q) = 5;’3 (q, p), we will only concern the case i > j.
A bound for Sgi ) can be obtained by explicit computation, using that

[0 =y ) = =8 n (1 — fy®) L —5; yuy (k).
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1. Fori=j=N,

UMY (q+p,q)

=|:M ()75\,((2—:_[))) —un(q+ )fN(q)] xv(P)
_ un(@fn(@+p) _ Jv(@) _
= Do Duq+ ) xv(P) Dy, (p) + ()[uN(q) uy(q+plxv®
LD ) — S @ ). (166)
D, (q)
Therefore we obtain:
NN s, 7 uy(q) fyv(q+p)
o TP, Q) : xN(p)—D (q)D atp)
+ iv (D) f;”((q)) AT (un)(q + D)
@YD G @, (6T
Dw(q) 0

2. For j < N, using also that uy(q) f;(q) = 0 (the support of the two function is disjoint)
we have

AN (q)
UM (q+p.q) = —xn(Pun(q+p) /; (c(ll)
(q)
= i@l @+ p) — un (@] 2 (‘fl). (168)
Hence:
U _ (q) 1
SV (q+p, @) = v (P) /;(a dt (0 un)(q+TP). (169)
’ Dm(q) 0
3. Fori, j < N, we have U,ff’/) =0.
By inspection, since |d,f;| < Cy™/ as well as [d,uny| < Cy~™, we obtain that

' 83 S:)Nw’ ) (p, q) is not identically zero if one between i = N; q: f;(q) #0 and p : |[p| <

2™ in this case we obtain
18792 81 (p, q)] < Cpyy NI, (170)

The above bounds allow to obtain

dpdq man ’ —m)+j(1—n
(2 )4 |8P 3qSi)ij)(p, q)| S (:)n,nyl\/(1 sk (171)

from which the former of (104) follows. The analysis for Pa()l\;)’ ) is similar:

ONI(q+p,q = inPuyn(®+ D% (Q)
= In@lun @+ @ — uy (@17, (@) (172)

from which the latter of (104) follows.
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Appendix B: Solution of the Closed Equation

By inserting (135) into (132), in the limit N — oo we obtain
0, Sp.0(X) =8(X) + LA_(X) Sy, o (X) (173)
whose solution is
S0 (X) = eXp{k /dz [8n(x—2) — gw(z)]Af(z)}gw(X)- 174)

By (136), we first consider

d )
/ (zj)ze""“’@(p)ﬁ(p)a(m

= [ 22 ro — (75)
=) @2 Y o+ iws@)p) (po + iwpy)
where
_ 14+vi(p) _(p)
P T5e TP T e T

Indeed (175) is well defined for x = 0: we can rewrite it separating the two domains |p| <1
and |p| > 1. The integral on the latter is absolutely convergent, since the decay of F(p) is
faster than any power. The integral of the former can be written as

dp 1
S 1R
pi<1 2m)* (po +iwsp1)(po +iwpy)

F(0) (176)

where R is again an absolutely convergent integral; the first integral can be written as

/ dp 1
pi<t 27)? (po +iwspi)(po +iwpr)

_ /‘ dp 1
— Jipi=t @)% (iwpy + spo) (iwpy + po)

d 1
—- / P : (177)
szt Q2 (po+iwp))(po + iwspr)
hence, the above integral also equals

dp x(pg+pi<D—x(pj+s’pi<1)
(2m)? (po +iwspy)(po+iwpr)

(178)

which is absolutely convergent since the support of x (p2 + p? < 1) — x (p2 + s*p? <s?)
does not contain a neighborhood of the origin.
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Now we discuss (175) for x #£ 0. It can be written as Hy + H; + H,, for
dp e~ixP
Hy= F(0) 3 - - )
(27)* (po +iwsp1)(po +iwp1)
_ [ _dp _[F(p) = FO)e™™®
(27)% (po +iwsp1)(po +iwpr)’

(179)

1

dp eixp 1 1
= [ oPre [ . }
(2m) (po+iowp1) | (po+iwp)) (po+iws(p)pr)

By straightforward computation, Hj is given by

1 +00 dC]l _ . o )
e lxoletixjwsgn(xo)lar _ [\lolﬂxlwsgn(xo)]ql]
2r(l=v)s—DJo @

Ko tiwx; (180)

1
=—1In —,
Ay xps + iwx;

while both H, and H, are vanishing as x — 0o. Indeed H, can be written as

/ ) — FO)] e
[pI<N (2m)? P (po+iwsp1)(po+iwpr)

p e*ix-p
+ / Fp)—— .
pien 212 2 oyt iwsp)(po + iwpr)
efix-p

dp
F(0 '
e )/\P\ZN (27)2 (po + iwsp1)(po + iwpy)

(181)

The second and third term are convergent integral, and each of them can be chosen small
than £ for N large enough; the first integral is vanishing as x — co. A similar argument

3

holds for H3.
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